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AbstractComplex real-world systems consist of collections of interacting processes/events. These processeschange over time in response to both internal and external stimuli as well as to the passage of timeitself. Many domains such as real-time systems diagnosis, story understanding, and �nancial forecast-ing require the capability to model complex systems under a uni�ed framework to deal with both timeand uncertainty. Current models for uncertainty and current models for time already provide rich lan-guages to capture uncertainty and temporal information respectively. Unfortunately, these semanticshave made it extremely di�cult to unify time and uncertainty in a way which cleanly and adequatelymodels the problem domains at hand. Existing approaches su�er from signi�cant trade o�s betweenstrong semantics for uncertainty and strong semantics for time. In this paper, we explore a new model,the Probabilistic Temporal Network, for representing temporal and atemporal information while fullyembracing probabilistic semantics. The model allows representation of time constrained causality, ofwhen and if events occur, and of the periodic and recurrent nature of processes.Keywords: temporal reasoning, probabilistic reasoning, abduction, linear constraint satisfaction,cyclicity



1 INTRODUCTION1 IntroductionIn the evolution of expert systems, many techniques have been developed to represent human knowledge.One of the earliest is to represent knowledge as a logical system of if-then style rules (rule-based sys-tems [5, 13]). A more recent approach is to represent knowledge (including uncertainty) of a situation,or \domain," as a network of states and probabilities (Bayesian Networks [27]).Many domains, whether they are rule-based, probabilistic, or other, require a representation of timeand of the temporal relationships between events. Most systems rely on a mechanism in which a date isassociated with each piece of knowledge. Relationships are then determined simply by the date ordering.In more complicated domains, such as emergency room diagnosis, the date mechanism is not su�cient;one must be able to represent situations with relative knowledge like \precedes" or \during."Real-world domains requiring a uni�ed model of time and uncertainty include dealing with real-time system diagnosis, story understanding, planning and scheduling as well as �nancial forecasting.For example, consider the following scenario found in computer security analysis:The Air Force computer operations center has a secure vault with a time-coded lock. Thistime-lock allows the vault to be opened from 0900 hours to 0905 hours and from 2100 to2105. The center has critical operations from 0855 to 1805. Access to the vault is neededduring the day and during critical operation making the vault likely to be open at thosetimes. However, if the vault is closed, it can not be reopened until the time-lock allows.This provides a detailed description of the causal and temporal relationships necessary to properlymodel the secure vault. As part of the computer security analysis, we must be able to translate thisdescription and capture the knowledge in a form which we can correctly process and reason over.Once the knowledge representation is captured, inferences can be made. Inferences can be of severaltypes including prediction and explanation. Prediction is concerned with extending forward from theInternational Journal of Approximate Reasoning 20, 263-291, 1999. 1



1 INTRODUCTIONknown past and present to the unknown future (statistical syllogism [16]). Explanation involves thedetermination of causality by extending from known data back to hypotheses (abduction) [16].Complex systems consist of collections of interacting processes. These processes change over timein response to both internal and external stimuli as well as to the passage of time itself. There isgreat variety in the behavior of processes. Some processes are simple events such as opening a door or
ipping a switch. Others are complex. One example being a communication channel, in which errorsmay occur due to lightning strikes and are more likely to occur given previous errors. Processes canalso be recurrent or periodic, such as the passing of day into night or shifts in a work schedule.The problem is to develop a model capable of representing complex systems changing over time.Given evidence about the past and present state of a system, one must be able to predict the system'sfuture state. Also, given a future state, one must be able to determine the most probable causes.As knowledge about such systems is bound to be incomplete and as the systems themselves may notbe deterministic, the model must be able to represent uncertainty. This uncertainty permeates allareas, the duration of events, the strength of causal in
uence, the precise temporal relationship betweenevents, etc. In traditional approaches such as temporal interval algebras and its variations [2, 4, 38, 12,10, 22], temporal uncertainty is modeled only as a disjunction of the possible temporal relationshipsbetween events. For example, event A either occurs before OR during event B. Thus, the goal is todetermine a feasible set of relationships between the events that satis�es all the disjunctions. The mainlimitation with this approach arises when a preference ordering is needed among the relationships ineach disjunction as found in the security scenario above.Bayesian networks [27] provide a robust, probabilistic method of reasoning with uncertainty. Bayesiannetworks, however, do not provide a direct mechanism for representing temporal dependencies. For ex-ample, it is di�cult to represent a situation such as the variability of an employee's arrival at work andthe causal relationships between the time of arrival and later events.International Journal of Approximate Reasoning 20, 263-291, 1999. 2



1 INTRODUCTIONPrior temporal modeling techniques have made trade-o�s in expressiveness between semantics fortime and semantics for uncertainty [9]. Signi�cant research has been done exploring time nets (alsocalled time-slice Bayesian networks) [19, 17, 14, 18]. These approaches build on the strong probabilisticsemantics of Bayesian networks for expressing uncertainty. The discrete time net approach developedby Kanazawa models time as a series of points [17]. Events are considered to occur at an instant of timewhile facts are considered to occur over a series of time points. Both events and facts are represented byrandom variables. If dependencies only connect between random variables at the same or consecutivetime points; then the net is said to be a Markov time net. In other words, the Markov property holdsfor a model when the future is conditionally independent of the past, given the present [19].Hanks et al [14] is especially interesting for our work due to the emphasis on both endogenous andexogenous change [14]. Endogenous change is triggered by internal action, such as the progression ofdisease, and exogenous change is triggered by external change such as the administration of drugs. Inour model, individual processes within a system must be able to respond to both endogenous (internal)and exogenous (external) stimuli.The time-sliced approaches mentioned above are based on point models of time and, as such, requirethat events occur instantaneously. Often it is more natural to consider events as taking place overintervals of time. Also, the relationships between events that occur over intervals can be quite di�cultto represent with only the three point relations (precedes, follows, equals).Santos' Temporal Abduction Problem (TAP) [31] uses an interval representation of time. In the TAP,each event has an associated interval during which the event occurs. Relationships between events areexpressed as directed edges from antecedents to consequents within a weighted and/or directed acyclicgraph structure. Edges are quali�ed with the possible interval relations. This allows great 
exibility inexpressing the relationship between events. For example, say event A is a possible antecedent for anOR-node, event B. For A to be the antecedent supporting B, we might have the additional restrictionInternational Journal of Approximate Reasoning 20, 263-291, 1999. 3



2 TEMPORAL REASONINGthat A must occur either before or after event B. The TAP is an extension of cost based abduction [7]using a numeric cost to indicate the uncertainty of an event's occurrence. These costs are generallydetermined in an ad hoc manner by the domain expert. The TAP trades strong semantics of uncertaintyfor a powerful and 
exible temporal representation.This paper presents a new model, the Probabilistic Temporal Network (PTN), for representing tem-poral and atemporal information while remaining fully probabilistic. The model allows representationof time constrained causality, of when and if events occur, and of the periodic and recurrent nature ofprocesses. Bayesian networks lie at the foundation of the system and provide the probabilistic basis.Allen's interval system [2] and his thirteen relations provide the temporal basis.PTNs focus on directly modeling processes and the interaction between them. The state of a processis represented by a value at a given time interval. A process can be de�ned over any number of suchintervals. Random variables from traditional probability theory are used to model a process' value overeach time interval.We �rst brie
y discuss temporal reasoning and Bayesian networks. From this foundation, the the-oretical structure of our model is developed. A linear constraint system for performing belief revisionis also developed. Along the way, several examples are developed including the secure vault scenariointroduced above.2 Temporal ReasoningTemporal reasoning has been de�ned as the ability to reason about the relationships in time betweenevents [13]. It is necessary to reason about time in many domains including planning, simulation,natural language understanding, and diagnosis. Temporal reasoning has been considered in philosophyand logic since Thales and Zeno [24]; however, it is only in the last two decades that temporal reasoninghas been explicitly considered in arti�cial intelligence. McDermott and Allen, with their work in theInternational Journal of Approximate Reasoning 20, 263-291, 1999. 4



2 TEMPORAL REASONINGearly eighties [2, 3, 4, 25], brought temporal reasoning into the AI mainstream. Other models fortemporal reasoning include point algebras [38], semi-intervals [12], temporal constraint networks [10],and weak representations of interval algebras [22]. Much research has also been conducted on thee�cient of temporal reasoning [20].McDermott provides one of the earliest temporal representations [25]. In his approach, time isdivided into a series of states with each state having an associated date, i.e. point in time. Facts areexpressed as being true during particular states.Allen introduced interval temporal reasoning to the AI community [2, 4]. Allen's interval algebra isgoverned by 13 relations on the intervals. Each event has an associated interval, denoted [a; b], wherea is the starting time point and b is the termination point. Temporal relationships between eventsare expressed as relations between their intervals. The relations between intervals, denoted A, aref=; <;>;m;mi; d; di; s; si; f; fi; o; oig [2] (see Table 1). For example, event A = [a; b] preceding eventB = [c; d] is denoted A < B indicating that a < b < c < d. These relations are mutually exclusive andexhaustive. Note that, while there are thirteen relations between intervals, only three relations existbetween points: precedes, equals, and follows.
Relation:

=

<

m

d

s

f

o

equals

precedes

meets

during

starts

finishes

overlapsoi

fi

si

di

mi

>

=
Symbol: Name:

Table 1: The thirteen possible interval-interval relations.International Journal of Approximate Reasoning 20, 263-291, 1999. 5



2 TEMPORAL REASONINGOf special importance is Allen's use of disjunctive sets to express uncertainty in the exact relationshipbetween intervals. For example, \interval A precedes or meets intervalB" is written as Af<;mgB. Somecommonly used disjunctions are disjoint, written f<;>;m;mig, and contains, written fdi; si; fig [2].This can be represented in a graphical form where nodes represent events and the arcs are labeled witha disjunction of relations. The goal is to determine whether there exists an interval assignment to allthe events that satisfy the disjunctive relations. If such a solution exists, then the given knowledge baseis consistent.While there is debate, in both philosophy and arti�cial intelligence, as to which representation,points or intervals, is most appropriate; the expressive power of the two methods is generally consid-ered equivalent [17, 2] as intervals can be represented with beginning and end points in a point basedapproach. Allen points out, however, some paradoxes that can occur when points are allowed as thefundamental unit of time [2]. The problems arise from the durationless nature of points. Durationlessintervals are not allowed, i.e. for any interval [t1; t2], t2 > t1. If t1 = t2 is allowed then the thirteeninterval-interval relations are not mutually exclusive. For example [t1; t2] starts [t2; t3] is indistinguish-able from [t1; t2] meets [t2; t3] when t1 = t2. Mathematically, point relations should be expressed ast1R[t2; t3] and as such, there is a di�erent set of point-interval relations which would add unnecessaryoverhead if used in our model. Our model strictly adheres to the philosophy that intervals are primitiveand have non-zero duration.De�nition 1. A temporal interval is a closed interval [a; b] on the reals (rationals if countability is anissue) such that a < b.Axiom 1. The temporal interval is the primitive temporal individual.Since all intervals must have non-zero duration, how can point intervals be expressed? The standardapproach is to use [t0; t0 + �] where � is arbitrarily close, but not equal, to zero. Note that � can beInternational Journal of Approximate Reasoning 20, 263-291, 1999. 6



3 BAYESIAN NETWORKS (BNS)either added to the end or subtracted from the beginning or both. This approach is adopted in thePTN. To facilitate specifying the relationships between intervals, � is deemed constant across an entiremodel. Thus [t0; t0 + �]fmg[t0; t1] does not hold while [t0; t0 + �]fmg[t0 + �; t1] does.Aside from the temporal domain, neither Allen's nor McDermott's method can explicitly modeluncertainty. Uncertainty arises from many sources including missing or unavailable data as well as overgeneralization of rules [13]. For example if we have the rule \Birds Fly" and \Ostriches are birds" weconclude that \Ostriches 
y." To prevent such a conclusion, additional rules must be added such as\Some birds 
y" or \Ostriches don't 
y." These additional rules can add signi�cant complexity to aknowledge base.3 Bayesian Networks (BNs)Approaches to dealing with uncertainty include fuzzy logic [40], cost based techniques [7], certaintyfactors [34, 35], Dempster-Shafer theory [32], and probabilistic methods [27]. These approaches canbe used both extensionally and intensionally. Extensional systems, such as rule-based systems, attachsome sort of truth value to each rule or formula. The truth-value for some formula is calculatedfunctionally from the truth-value of sub-formulae. Intensional systems, such as model-based systems,attach uncertainty to the possible states of the system itself [27]. Extensional systems are generallycomputationally e�cient but their uncertainty measures are semantically weak. Intensional systems,on the other hand, are generally computationally expensive and semantically strong [27]. By carefullyrestricting which parts of an intensional system are relevant to the other parts, the computationallimitations can, to some degree, be overcome.In probabilistic reasoning, random variables (RVs) are used to represent events and/or objects inthe world. By assigning various values to these RVs, we can model the current state of the world andweight the states according to the joint probabilities.International Journal of Approximate Reasoning 20, 263-291, 1999. 7



3 BAYESIAN NETWORKS (BNS)
family-out(fo)

hear-bark(hb)

light-on(lo)

bowel-problem(bp)

dog-out(do)

P(fo)=0.15 P(bp)=0.01

P(lo|fo) = 0.6

P(lo|~fo) = 0.05

P(do|fo bp) = 0.99

P(do|fo ~bp) = 0.90

P(do|~fo bp) = 0.97

P(do|~fo ~bp) = 0.30

P(hb|~do) = 0.01

P(hb|do) = 0.7Figure 1: \Suppose when I go home at night, I want to know if my family is home before I try the doors.Now often when my wife leaves the house, she turns on an outdoor light. However, she sometimes turnson this light if she is expecting a guest. Also, we have a dog. When nobody is home, the dog is put inthe back yard. The same is true if the dog has bowel troubles. Finally, if the dog is in the backyard, Iwill probably hear her barking." [6]Bayesian networks are probabilistic intensional systems in which independence assumptions are usedto restrict relevance. A Bayesian network is a directed acyclic graph (DAG) of random variable (RV)relationships. Directed arcs between RVs represent conditional dependencies. When all the parents ofa given RV are instantiated, that RV is said to be conditionally independent of the remaining, non-descendent RVs given knowledge of its parents. For a more formal description of the independencesemantics in Bayesian networks, see d-separation and I-maps in Charniak [6] and Pearl [27]. Figure 1presents a simple example of a Bayesian network.In general, we are searching for the world state with highest likelihood. This is called belief revision[27]. Belief revision is best used for modeling explanatory/diagnostic tasks. Basically, some evidence orobservation is given to us, and our task is to come up with a set of hypotheses that together constitutethe most satisfactory explanation/interpretation of the evidence at hand. Belief revision is a form ofabductive reasoning [15, 28, 7]. More formally, if W is the set of all RVs in our given Bayesian network
International Journal of Approximate Reasoning 20, 263-291, 1999. 8



3 BAYESIAN NETWORKS (BNS)and e is our given evidence1, any complete instantiation to all the RVs in W that is consistent with e iscalled an explanation or interpretation of e. The problem, then, is to �nd an explanation w� such thatP (w�je) = maxw P (wje): (1)w� is known as the most-probable explanation. The joint probability of any explanation w,w = (X1 = x1) ^ (X2 = x2) ^ : : : ^ (Xm = xm) (2)(where X1 : : : Xi : : : Xm is an arbitrary ordering of random variables in W , and xi is some assignmentto random variable Xi) is found using the chain rule [27]:P (w) = P (xmjxm�1; : : : ; x1) � P (xm�1jxm�2; : : : ; x1) � � �P (x2jx1) � P (x1) (3)Bayesian networks take the chain rule one step further by making the important observation thatcertain RV pairs may become uncorrelated once information concerning other RV(s) is known. Moreprecisely, we may have the following independence condition:P (AjX1; : : : ;Xn; U) = P (AjX1; : : : ;Xn) (4)for some collection of RVs U . Intuitively, we can interpret this as saying that given knowledge ofX1; : : : ;Xn knowledge of U is irrelevant to the state of A.Combined with the chain rule, these conditional independencies allow us to replace the terms inthe chain rule with smaller conditionals. Thus, instead of explicitly keeping the joint probabilities,1That is, e represents a set of instantiations made on a subset of W .International Journal of Approximate Reasoning 20, 263-291, 1999. 9



3 BAYESIAN NETWORKS (BNS)all we need are smaller conditional probability tables, from which the joint probabilities can then becalculated.For example, an application of the chain rule for computing the probability of an explanation forthe Bayesian network in Figure 1 isP (hb; do; lo; fo; bp) = P (hbjdo; lo; fo; bp) � P (dojlo; fo; bp) � P (lojfo; bp) � P (fojbp) � P (bp) (5)Using the dependencies we can simplify this toP (hb; do; lo; fo; bp) = P (hbjdo) � P (dojfo; bp) � P (lojfo) � P (fo) � P (bp) (6)By choosing an ordering of the random variables consistent with the structure of the graph, such asthat used in Equation 6 above, the savings from independencies is maximal and computation from thedependency tables in the Bayesian network is straightforward.As to the source of the conditional probabilities in a Bayesian network, the values associated witheach node only attain meaning after the inference engine reasons over them during belief updating. Itshould be obvious, however, the inference engine's propagation of probabilities must begin somewhere.In his discussion of the validity of such values to probabilistic reasoning schemes, Pearl [27] writes:[p. 148, The] conditional probabilities characterizing the links in the network do notseem to impose de�nitive constraints on the probabilities that can be assigned to the nodes.. . . The result is that any arbitrary assignment of beliefs to the propositions a and b can beconsistent with the value of P(ajb) that was initially assigned to the link connecting them. . . .Bayesian networks [27] are a natural method for representing uncertainty. Bayesian networks, how-International Journal of Approximate Reasoning 20, 263-291, 1999. 10



4 COMBINING TIME AND PROBABILITYever, do not provide a direct mechanism for representing temporal dependencies. For example, it isdi�cult to represent a situation such as the variability of an employee's arrival at work and the causalrelationships between the time of arrival and later events.24 Combining Time and ProbabilityAs previously discussed, the time-sliced approaches provide strong probabilistic semantics for represent-ing uncertainty, however they are constrained in their temporal expressiveness. The TAP, on the otherhand, has strong interval-based temporal semantics, but lacks strong probabilistic semantics.What is needed, then, is a combined approach integrating strong probabilistic and temporal se-mantics. While much research has been done on point-based probabilistic temporal network models,little or no research has been identi�ed using interval methods, speci�cally Allen's interval relations,for intensional probabilistic reasoning. As mentioned earlier, the interval representation of time is im-portant for the expressive set of relations available. The closest research is the temporal abductionproblem discussed above which does not have strict probabilistic semantics. Recent work by Youngand Santos [39]3 does present a starting point, de�ning the network structure for a new model. Thenodes of the network are what we call temporal aggregates (TAs) and the edges are the causal/temporalrelationships between aggregates. Each aggregate represents a process changing over time. A temporalaggregate contains every interval of interest for the process. Each interval has an associated randomvariable giving the state of the process over that interval. For example, to model the state of the securevalue in our computer security example earlier, we �rst identify the time intervals that we are interestedin: [0000� 0900], [0900� 1200], [1200� 2100], and [2100� 2400]. We associate a RV with each intervalsay o1, o2, o3, and o4 each with state assignments ftrue; falseg such that the vault is open during the2For discussions on causality and correlations, see [21, 27, 23, 11].3In which Probabilistic Temporal Networks (PTNs) are termed Temporal Bayesian Networks (TBNs) and TemporalAggregates (TAs) are termed Temporal Random Variables (TRVs)International Journal of Approximate Reasoning 20, 263-291, 1999. 11



4 COMBINING TIME AND PROBABILITYinterval if its associated RV is true. Since the vault being open is also dependent upon whether criticaloperations (CO) are in progress and/or the time-unlock (TU) mechanism is in e�ect, each RV o1, o2,o3, and o4 is dependent on these two states. For example, if the vault was closed in the previousinterval and the time-unlock mechanism is not activated, then the vault cannot be open in the nextinterval. In Figure 2, we depict this situation by the fact that P (oxj:V O;CO;:TU) = 0 where ox canbe substituted by o1, o2, o3, or o4. Thus, this is an aggregate modeling when a vault is open. The`Vault-Open' TA is dependent on itself (V O) and two other processes (TU and CO). The probabilities,in this case, can be based on frequency. This example is expanded into a full network for the completescenario later.
P(ox|VO,CO,TU) = 0.95
P(ox|VO,CO,¬TU) = 0.80
P(ox|VO,¬CO,TU) = 0.4
P(ox|VO,¬CO,¬TU) = 0.4

([1200-2100],o3),
{([0000-0900],o1), ([0900-1200],o2),

([2100-2400],o4)}

Vault-Open

P(ox|¬VO,CO,TU) = 0.98
P(ox|¬VO,CO,¬TU) = 0.0
P(ox|¬VO,¬CO,TU) = 0.6
P(ox|¬VO,¬CO,¬TU) = 0.0Figure 2: A simple temporal aggregate, `Vault-Open', de�ned over four intervals. The conditional prob-ability tables show `Vault-Open' to be dependent on itself through some temporal causal relationship.ox is simply a place holder and is meant to be substituted by o1, o2, o3, and o4.As is the case in the real world, the apparent state of a process is dependent on the temporalperspective of observation. An observation made in the middle of the night as to whether or notsomeone is at work may return di�erent results than if the observation is made during the day. Aswitch can be turned on only if, at some previous time, the switch was turned o�; the light can be ononly when the switch is on.To model the di�erence perspective makes in the apparent state of a process, edges in the networkconsist of a disjunctive set of interval relations and a schema to map the random variables of the intervalsto a single value. This allows the exact de�nition of those intervals during which the state of one processa�ects another.International Journal of Approximate Reasoning 20, 263-291, 1999. 12



4.1 Temporal Aggregates

Time-UnLock Critical-Operations

Vault-Open

({m},OR)({s},OR) ({di},OR)

Critical-Operations = {([0855,1805],c1)}Time-UnLock = {([0900,0905],l1),
([2100,2105],l2)}P(lx) = 1.0 P(cx) = 1.0

P(ox|¬VO,CO,TU) = 0.98
P(ox|¬VO,CO,¬TU) = 0.0
P(ox|¬VO,¬CO,TU) = 0.6
P(ox|¬VO,¬CO,¬TU) = 0.0

P(ox|VO,CO,TU) = 0.95
P(ox|VO,CO,¬TU) = 0.80
P(ox|VO,¬CO,TU) = 0.4
P(ox|VO,¬CO,¬TU) = 0.4

([2100-2400],o4)}
([0900-1200],o2),

([1200-2100],o3),
Vault-Open = {([0000-0900],o1),

Figure 3: A probabilistic temporal network modeling a secure vault. This extends the `Vault-Open'temporal aggregate in Figure 2.Figure 3 shows a probabilistic temporal network modeling our earlier secure vault scenario detailingthe various components and their interactions.4.1 Temporal AggregatesA process, such as `Vault-Open' in Figure 3, is represented in the PTN by a temporal aggregate.Intuitively, a temporal aggregate consists of the set of states, e.g. ftrue; falseg, f1; 2; 3g, or ffalseg [fRed;Blueg, that the process can take on, and a set of temporal intervals each having an associatedrandom variable. Each such RV has a conditional probability table de�ned over the states of the process.De�nition 2. A temporal aggregate (TA) is an ordered pair (T;�) in which � is a set of states andT (pronounced Tau) is a set of ordered pairs (i; r) where i is a temporal interval and r is a randomvariable de�ned over �. For all pairs (i1; r1) and (i2; r2) in T, r1 = r2 i� i1 = i2. The dependencies foreach random variable in the TA are de�ned only by temporal causal relationships between TAs.In our prior work [39], temporal aggregates (then termed TRVs) were allowed to have internaldependencies to model endogenous change. This was found to be a source of temporal inconsistencyand better represented through self loops as demonstrated in Figure 3. Endogenous change is explicitlyInternational Journal of Approximate Reasoning 20, 263-291, 1999. 13



4.1 Temporal Aggregatesmodeled in the PTN with cyclic temporal causal relationships. This can be seen in the `Vault-Open'process in Figure 3 in which the vault is more likely to stay open, given that it is open. Also notethat this de�nition allows T to contain a potentially in�nite number of interval-RV pairs. This paperassumes that temporal aggregates are �nite, both in T and in �.`Vault-Open' is formally written, according to De�nition 2, as V O = fT;�g whereTV O = f([0000; 0900]; o1 ); ([0900; 1200]; o2); ([1200; 2100]; o3 ); ([2100; 2400]; o4)gand �V O = ftrue; falsegwith the conditional probability table beingP (oxjV O;CO; TU) = 0:95 P (oxj:V O;CO; TU) = 0:80P (oxjV O;CO;:TU) = 0:80 P (oxj:V O;CO;:TU) = 0:0P (oxjV O;:CO; TU) = 0:4 P (oxj:V O;:CO; TU) = 0:6P (oxjV O;:CO;:TU) = 0:4 P (oxj:V O;:CO;:TU) = 0:0for all RVs ox where ox 2 fo1; o2; o3; o4g. The : symbol (as in :TU above) indicates that the RV isassigned false, a non-negated RV (as in TU) indicates that the RV is assigned true.Since � = ftrue; falseg, P (:oxjV O;CO; TU) = 1 � P (oxjV O;CO; TU). This holds for the otherprobabilities as well. In general, we will not explicitly show the probabilities when the true case is zero;e.g. P (oxj:V O;:CO;:TU) = 0:0 would not be shown. Symbols used for temporal aggregates areuppercase letters from the end of the alphabet, e.g. X or Y , or uppercase abbreviations from the textname of the process being modeled, e.g. process `Vault-Open' has a temporal aggregate denoted V O.Random variables within temporal aggregates are denoted with lowercase letters, e.g. a, b, and c orInternational Journal of Approximate Reasoning 20, 263-291, 1999. 14



4.1 Temporal Aggregatesy1 and y2. Since the possible states of the aggregate are often evident from the conditional probabilitytables, � is often not explicitly shown. To di�erentiate between components of di�erent temporalaggregates, the symbol of the component can contain the subscripted symbol of the associated TA, e.g.�V O or o1V O .An assignment to a temporal aggregate consists of an assignment to each interval-RV pair.De�nition 3. A is an aggregate assignment (AA) i� A is a set of ordered pairs (�; �) where � 2 Tand � 2 � such that 8� 2 T, there exists an unique � 2 � such that (�; �) 2 A. In other words, anaggregate assignment is a function from T into �.Intuitively, an aggregate assignment for a single temporal aggregate is simply assigning a state toeach RV involved with the intervals in the aggregate. For example,AV O = f([0000; 0900]; false); ([0900; 1200]; true); ([1200; 2100]; true); ([2100; 2400]; false)gis an AA for the temporal aggregate V O from Figure 2. AV O might be read \The vault was closed from0000 hours to 0900 hours, open from 0900 hours to 2100 hours, and closed from 2100 hours to 2400hours." The use of past tense here is arbitrary, is closed or will be closed would be equally appropriate.Aggregate assignments are denoted by uppercase letters from the beginning of the alphabet, e.g. A orB, subscripted if necessary by the symbol for the associated temporal aggregate.Sometimes the entire state of a TA is not known. For example, we may only know that the vaultwas closed from 0000 to 0900. To express this we use a partial aggregate assignment which is simply asubset of an aggregate assignment.De�nition 4. P is a partial aggregate assignment (PAA) for some temporal aggregate, X, i� thereexists an A such that P � A where A is an aggregate assignment for X. In other words, a partialaggregate assignment is a partial function from T into �.International Journal of Approximate Reasoning 20, 263-291, 1999. 15



4.2 Temporal Causal RelationshipsOur example, where the vault is only known to be closed over one interval is thus written:PV O = f([0000; 0900]; false)gNote that PV O is a subset of aggregate assignment AV O above. PAAs are usually denoted by capitalletters from the middle of the alphabet; however, since, by de�nition an aggregate assignment is also aPAA, some uppercase letters from the beginning of the alphabet may sometimes be used for PAAs.
({m,o},OR)

P(lo1|¬LO) = 1/3
P(lo2|¬LO) = 1/2
P(lo3|¬LO) = 1

([0905,0915],lo2),
([0910,0920],lo3)}

Line-Open

{([0900,0910],lo1),

Line-Open =

Figure 4: A simple, one process probabilistic temporal network enforcing a mutual exclusion relationship.A communication line can only be opened given that it has not previously been opened.4.2 Temporal Causal RelationshipsHow are the aggregates interconnected? The example network in Figure 4 shows a directed edge from`Line-Open' to itself labeled (fm; og;OR). The edge combined with the conditional probability tablesenforce a mutual exclusion constraint on `Line-Open'. The communication line can be opened only ifthe line was not previously opened. Edges in the probabilistic temporal network are temporal causalrelationships or TCRs.While portrayed graphically as a labeled edge between temporal aggregates, the TCR is actuallyshorthand for a set of induced random variables that enforce the temporal constraints. These randomvariables combine the intervals selected by a disjunctive set of interval relations, e.g. fo;mg, using theprobability distribution speci�ed by a schema, e.g. OR, XOR, PASSTHROUGH. Figure 5 showsour example network from Figure 4 with the intervals and temporal relations explicitly shown. ForInternational Journal of Approximate Reasoning 20, 263-291, 1999. 16



4.2 Temporal Causal Relationships
lo1 lo3

lo2

[0910,0920][0900,0910]

[0905,0915]

Line-Open

({m,o},OR)

o

m

o

Figure 5: The probabilistic temporal network from Figure 4 broken out to explicitly show the intervals(small circles) and the temporal relationships between intervals (dotted lines).
OR

OR

lo1 lo3

lo2

o m

o

Figure 6: The network in Figure 5 with the temporal causal relation replaced with the TCR inducedrandom variables.example, the dotted line from interval lo1 to interval lo2 shows that lo1 overlaps lo2. Figure 6 showsthe network with the TCR replaced by the appropriate induced RVs.What are the semantics behind the temporal causal relationship? The probability of some TA Ytaking on some particular state over each interval is dependent on TA X taking on some state oninterval(s) �tting the temporal relation, e.g. \no interval in Y can have state true unless that intervalis after some interval in X having state true." This is written X(f<g;OR)Y with every (i; r) 2 T(Y )having conditional probabilities of the form P (rj : : : ;:X) = 0:0. Schemas in general and the ORschema in particular are further discussed below.De�nition 5. A temporal causal relationship (TCR) describes a relationship between two temporalInternational Journal of Approximate Reasoning 20, 263-291, 1999. 17



4.2 Temporal Causal Relationshipsaggregates X = (TX ;�X) and Y = (TY ;�Y ) where X is considered the \cause" and Y the \e�ect."Textually, the TCR is written X(R;M)Y where R is a nonempty set of interval relations and M isa schema for describing random variables. Graphically, the TCR is presented as a directed edge fromthe node for X to the node for Y , labeled with (R;M). Formally, the relationship is written as thefour-tuple (R;M;X; Y ).The TCR induces, for each interval-RV pair, (iY ; rY ) in TY , a random variable Mr, de�ned over�X , such that1. rY is directly dependent on Mr.2. for each (iX ; rX) 2 TX where iXRiY , Mr is directly dependent on rX .3. for each random variable x such that Mr is directly dependent x, there exists an iX such that(iX ; x) 2 TX .4. the conditional probability table for Mr is de�ned by the schema M.Temporal causal relationships are rarely given explicit names. Notationally, the random variablesin the interval-RV pairs in the e�ect TA are usually written, in the conditional probability tables, asbeing dependent simply on the cause TA. This can be seen in the tables for the `Vault-Open' temporalaggregate in Figure 3. In cases where there is more than one TCR between two TAs, some appropriatename or symbol can be associated with the TCR and the dependencies in the e�ect TA can be writtenas the name of the cause TA subscripted with the name of the TCR.The random variable schema algorithmically de�nes the conditional probability tables for the randomvariables induced by the temporal causal relationship.De�nition 6. A random variable schemaM takes as parameters a set of states �, a set of interval-RVpairs T with RVs de�ned over �, a single interval-RV pair (i; r), and an algorithm � which togetherInternational Journal of Approximate Reasoning 20, 263-291, 1999. 18



4.2 Temporal Causal Relationshipsde�ne the conditional probability table for a random variable Mr with states � such that for each(iT; rT) 2 T,Mr is directly dependent on rT. Mr is directly dependent on nothing else. The conditionalprobability table for Mr is constructed with an algorithm, �. � can be either declarative or procedural.These schemas can be extremely simple, e.g.OR : (T;� = ftrue; falseg; (i; r);�OR)! ORrwhere �OR is de�ned asAlgorithm 1: (�OR)1. Let (iT1 ; rT1) : : : (iTn ; rTn) be an arbitrary ordering of the elements of T2. Create random variable ORr such that for each assignment A to frT1 ; : : : ; rTng(a) If there exists an r 2 A such that r = trueLet P (ORr = truejA) = 1P (ORr = falsejA) = 0(b) elseLet P (ORr = truejA) = 0P (ORr = falsejA) = 1Exclusive-or, XOR, can be de�ned by changing \there exists an r 2 A" in step 2a above to \thereexists a unique r 2 A." The other logical operations are also easily de�ned.The schema PASSTHROUGH, de�ned:PASSTHROUGH : (T = (iT; rT);�; (i; r);�PASSTHROUGH)! PASSTHROUGHrwith �PASSTHROUGH de�ned asInternational Journal of Approximate Reasoning 20, 263-291, 1999. 19



4.3 Probabilistic Temporal NetworksAlgorithm 2: (�PASSTHROUGH)1. Create random variable PASSTHROUGHr such that for each � 2 �P (PASSTHROUGHr = �jrT = �) = 1P (PASSTHROUGHr 6= �jrT = �) = 0produces a random variable for a causal relationship from a singleton TA (only one interval-RV pairin T). The temporal causal relationship X(A;PASSTHROUGH)Y , read \X exerts direct causalin
uence on Y under all temporal relationships" is analogous to the a non-temporal relation in Bayesiannetworks. This type of relationship is useful when `temporalizing' existing Bayesian networks.4.3 Probabilistic Temporal NetworksA probabilistic temporal network is a directed graph in which the nodes are TAs and the edges aretemporal causal relationships.De�nition 7. A probabilistic temporal network (PTN) is an ordered pair (R;E) where R is a set oftemporal aggregates and E is set of temporal causal relationships such that, for each TCR in E fromsome temporal aggregate, X, to some temporal aggregate, Y , both X and Y are in R.If each temporal aggregate in a probabilistic temporal network is assigned, then that PTN is saidto be completely assigned. The set of all of the assignments and associated temporal aggregates formsa complete assignment.De�nition 8. The set C containing (temporal aggregate, aggregate assignment) pairs is a completeassignment (CA) of some PTN (R;E) i�1. 8(X;A) 2 C , X 2 R and A is an aggregate assignment of X.2. 8(X;A); (Y;B) 2 C , X = Y ) A = B.International Journal of Approximate Reasoning 20, 263-291, 1999. 20



4.3 Probabilistic Temporal Networks3. 8X 2 R9(Y;A) 2 C such that X = Y .Complete assignments are denoted by uppercase script letters from the beginning of the alphabet,e.g. A ,B, or C .When inferencing over a probabilistic temporal network, incomplete evidence as to the state of thenetwork may be held. Such evidence is represented with a partial assignment. In the simplest form,any subset of a complete assignment is a partial assignment. A more complicated case arises whenonly a partial aggregate assignment is known for some temporal aggregate. Since a PAA is a subset(possibly improper) of an aggregate assignment, a partial assignment to a PTN consists of a subset ofthe variables of the PTN and associated partial aggregate assignments for the TAs. More formally:De�nition 9. The set P containing (temporal aggregate, aggregate assignment) pairs is a partial as-signment (PA) of some PTN (R;E) i�1. 8(X;P ) 2P, X 2 R and P is a partial aggregate assignment of X.2. 8(X;P ); (Y;Q) 2P, X = Y ) P = Q.PAs are usually denoted with uppercase script letters from the middle of the alphabet, e.g. P or Q.As a complete assignment is a subset of itself, by de�nition any complete assignment is also a partialassignment.Notation. A partial assignment, P, is said to be a subset of another partial assignment, Q, (denotedP v Q) if every (X;P ) in P (except those having P = ;) has a corresponding (Y;Q) in Q such thatX = Y and P � Q. A complete assignment, say C , is said to be compatible with a partial assignment,P, if P v C , otherwise C is said to be incompatible with P. If C is incompatible with P then atleast one temporal aggregate in C has a di�erent assignment than that in P.The goal of belief revision is to �nd the most probable state of the world given some evidence. Thisis the most probable explanation.International Journal of Approximate Reasoning 20, 263-291, 1999. 21



5 EXAMPLE COMPUTATION OF JOINT PROBABILITYDe�nition 10. Let B be a PTN, let P be partial assignment (evidence) of B, and let C be somecomplete assignment (explanation) of B. C is a most probable explanation (MPE) given P i� for allA where each A is a complete assignment of B compatible with P, P (C jP) � P (A jP).Since P (A jP) = P (A ;P)=P (P) and an incompatible complete assignment can not be a MPE(unless the evidence P is itself contradictory in which case all CAs are MPEs), we only need toconsider as candidates those complete assignments for which P v A. Thus since P v A , we deriveP (A jP) = P (A )=P (P). Furthermore, since 1=P (P) is a factor in the conditional probability of eachexplanation A , to �nd the MPE, we need only compute the probability of each complete assignment,i.e. P (A ). P (A ) is calculated with the chain rule.5 Example Computation of Joint ProbabilityPreviously we discussed �nding the most probable explanation. The MPE is the complete assignmentwith the greatest joint probability. As mentioned, this joint probability is calculated using the chainrule. Joint Probability Table for Figure 4Line-Open Assignment[0910,0920] ORlo3 [0905,0915] ORlo2 [0900,0910] Probability:true false false false false1 1 1/2 1 2/3 1/3 (1)false true true false false1 1 1/2 1 2/3 1/3 (2)false true false true true1 1 1 1 1/3 1/3 (3)true true false true true0 1 1 1 1/3 0 (4)Total: 1Table 2: The possible complete assignments to the network in Figure 4 with associated probabilities.One `impossible' assignment is also shown.Table 2 shows the probability distribution de�ned by the example in Figure 4. Only non-zeroprobability assignments are shown (but one). Each joint probability in Table 2 is calculated using theInternational Journal of Approximate Reasoning 20, 263-291, 1999. 22



6 CYCLES AND TEMPORAL ORDERINGchain rule [27]. For example, the probability of the complete assignmentf(LO; f(([0900; 0910]; lo1); true); (([0905; 0915]; lo2 ); false); (([0910; 0920]; lo3 ); false)g)g (7)is calculated from P (lo3 = falsejORlo3 = true) � P (ORlo3 = truejlo1 = true; lo2 = false)�P (lo2 = falsejORlo2 = true) � P (ORlo2 = truejlo1 = true) �P (lo1 = true) =1:0 � 1:0 � 1:0 � 1:0 � 13 = 136 Cycles and Temporal OrderingNow that the basic de�nitions and properties have been introduced, we will brie
y explore the proba-bilistic temporal network in Figure 4 and consider a potential alternate representation. Figure 4 showsa network using a cyclic dependency to represent the internal dependencies in process `Line-Open', i.e.,a cyclic TCR has been used to explicitly model the endogenous temporal relationships. For `Line-Open'to be true over some interval, `Line-Open' must not be true over any earlier intervals.Examining the intervals, \earlier" turns out to be either meets or overlaps. This is represented witha disjunctive set containing meets and overlaps: fm; og. The conditional dependencies are representedusing the OR schema. The TCR, LO(fm; og;OR)LO, describes the random variable ORlo3 such thatP (ORlo3 j:lo1;:lo2) = 0 and P (:ORlo3 j:lo1;:lo2) = 1. ORlo3 replaces LO in P (lo3j:LO) = 1 to yieldP (lo3j:ORlo3) = 1. By using cyclic TCRs to explicitly represent the temporal relationships within aprocess, the knowledge engineer can more clearly \see" the nature of the system being modeled.Figure 7 shows an attempt to simplify the conditional dependencies in process `Line-Open'. TheInternational Journal of Approximate Reasoning 20, 263-291, 1999. 23



6 CYCLES AND TEMPORAL ORDERING
([0905,0915],lo2),
([0910,0920],lo3)}

Line-Open

{([0900,0910],lo1),

Line-Open =

(A-{=},OR)
P(lo3|¬LO) = 1

P(lo1|¬LO) = 1
P(lo2|¬LO) = 1

Figure 7: The network in Figure 4 rewritten using a cyclic dependency such that the conditionalprobability table for each RV can be written with the same probability 1 instead of the dependentprobabilities 1=3, 1=2, and 1 (not well-formed).conditional probability tables for each random variable in process LO are identical. This is accomplishedusing the TCR LO(A� f=g;OR)LO4, which states that the random variable in each interval-RV pairis dependent on the random variables in all the other interval-RV pairs. While visually similar to thenetwork in Figure 4, there is a serious problem with this network.
OR

OROR

lo1

lo2

lo3Figure 8: Process `Line-Open' from Figure 7 drawn with the TCR LO(A � f=g;OR)LO expanded.The loop shows a cycle in the dependencies.Figure 8 shows process `Line-Open' with the TCR expanded into its underlying random variablecomponents. Notice that this potentially violates the conditional independence assumptions. Randomvariable lo2 is dependent on ORlo2 which is dependent on lo1 which is dependent on ORlo1 which isdependent on lo2 which is . . . . lo2 is separated from itself by random variables ORlo2 , lo1, and ORlo1indicating that given knowledge of each of these variables that lo2 is independent of itself which is4The set, A� f=g, consists of all thirteen interval relations sans equalsInternational Journal of Approximate Reasoning 20, 263-291, 1999. 24



6 CYCLES AND TEMPORAL ORDERINGclearly contradictory.Figure 4 demonstrates an example in which a cycle in the PTN provided a useful representationof the internal dependencies within a process. Figure 7, on the other hand, shows a case in which thecycle, while intuitively satisfying, violates the requirements of conditional independence. This raisesthe question: \Under what circumstances are cycles appropriate in probabilistic temporal networks?"Cyclic dependencies potentially occur when an interval-RV pair becomes self-dependent. If onlytemporal relations which are strictly one directional are used, an interval-RV pair can not possibly beself-dependent. For example, if only f<g is used in a PTN, no cycles are possible. The authors, in thedevelopment of the temporal abduction problem, de�ned the concept of monotonicity [30] as applied totemporal relations.De�nition 11. A set R of temporal relations is said to be monotonic if and only if for all R in R,Rc \ (Rc)�1 = ; where R = [R2RR and Rc is the transitive closure of R and Rc�1 is the inverse of thetransitive closure of R.In the same work, we introduced the following monotonic set:Proposition 1. The subset of relations C = f<; o; s; fi; di;mg from the original thirteen is a monotonicset.Intuitively, a monotonic set, such as C above, can be said to temporally `point in only one direc-tion.' This is compatible with Suppes' probabilistic theory of causality [36] and Shoham's criteria forcausation [33] (both point based approaches) in which causation can only extend forward in time. Forthis reason, C is said to be the causal set of temporal relations. The network in Figure 4 holds on C.Theorem 1. If, for probabilistic temporal network (R;E), there exists a monotonic set, Q, of temporalrelations such that for each (R;M;X; Y ) 2 R, R � Q; then the PTN (R;E) is well-formed.International Journal of Approximate Reasoning 20, 263-291, 1999. 25



6 CYCLES AND TEMPORAL ORDERINGProof. Since the only temporal relations used in the PTN are drawn from Q and Q is monotonic, nointerval-RV pair can ever relate to itself temporally (otherwise Qc\ (Qc)�1 6= ;) and as there can be nocycles within the TAs themselves; there can be no cycles in the PTN.Combining Theorem 1 and the causal set C from Proposition 1 leads us to the following de�nition:De�nition 12. A causal probabilistic temporal network (CPTN) is a PTN for which Theorem 1 holds.The causal PTN model enforces the constraint that causality 
ow forward in time. Each link inthe network advances in time. When following a cycle from a temporal aggregate back to itself, onealways returns to a di�erent interval-RV pair. The CPTN model enforces, through local constraints, aconsistent ontological theory of time.
Trigger

B = {([Ti,Ti+1],Bi) | (0<=i<n)}
P(Bi|T,A) = 0.95       (0<=i<n)
P(Bi|~T,A) = 0.85     (0<=i<n)
P(Bi|T,~A) = 0.20     (0<=i<n)
P(Bi|~T,~A) = 0.05   (0<=i<n)

A = {([Ti,Ti+1],Ai) | (0<=i<n)}
P(Ai|T,B) = 0.95       (0<=i<n)
P(Ai|~T,B) = 0.85     (0<=i<n)
P(Ai|T,~B) = 0.20     (0<=i<n)
P(Ai|~T,~B) = 0.05   (0<=i<n)

P(Si) = 0.2       (0<=i<n/2)
(0<=i<ceil(n/2))}

({m},PT)

({m},PT)

Person A Talking

Person B. Talking

({m,=},PT)

S = {([2*Ti-e,2*Ti],Si) |

Figure 9: PTN modeling two people chatting with an an occasional conversational trigger. Note theuse of set-builder notation.The equals relation, =, is not a member of C, and can not be a member of any monotonic set ofrelations as = is its own inverse. Equals is, however, useful for expressing simultaneity. Figure 9 showsan example in which two people are chatting. Talker A tends to `talk over' Talker B. To model this,the TCR from B to A includes equals as well as meets.To extend CPTNs to incorporate =s, each directed cycle must have at least one TCR in which equalsis not used. This guarantees `time progression' in each cycle. A probabilistic temporal network limitedInternational Journal of Approximate Reasoning 20, 263-291, 1999. 26



7 CONSTRAINT SATISFACTIONto C [ f=g with this broken cycle property is said to be S-Causal (SCPTN) (`S' for simultaneity).7 Constraint SatisfactionIn the Section 5, we showed how to calculate the probability of a complete assignment to a proba-bilistic temporal network. In this section we present a method for �nding the most probable completeassignment, i.e., performing belief revision on probabilistic temporal networks. We use a constraintsatisfaction approach with mixed Boolean linear programming. Constraint satisfaction has three mainadvantages; �rst, constraints can be formed to take advantage of the inherent structure of the PTN; sec-ond, very e�cient algorithms developed by the operations research community are available; and �nally,alternate explanations, e.g. second or third best, can be found using techniques presented in [29].De�nition 13. A constraint system is a 3-tuple (�; I;  ) where � is a �nite set of variables, I is a�nite set of linear inequalities based on �, and  is a cost function from �� ftrue; falseg to <.Our probabilistic temporal network model can be considered to have a layered structure. The layersconsist of temporal aggregates and temporal causal relationships. For this reason, we present our systemof constraints in two parts, those for TCRs and those for TAs. For some well-formed PTN P = (R;E),the following steps produce the constraints, variables, and costs for the temporal causal relationships inE and those for the temporal aggregates in R, i.e. the following steps produce L(P ) = (�; I;  ).1. For each TCR (R;M; (TX ;�X); (TY ;�Y )) in E,(a) For each (iY ; rY ) 2 TY construct variablesMrY�X1 : : :MrY�Xn in � where �X1 : : : �Xn are statesin �X . Set costs for each variable as (MrY�Xi ; false) =  (MrY�Xi ; true) = 0: (8)International Journal of Approximate Reasoning 20, 263-291, 1999. 27



7 CONSTRAINT SATISFACTIONwhere 1 � i � n and add the following constraint to I:nXi=1MrY�Xi = 1: (9)
(b) For each (iY ; rY ) 2 TY and each �X 2 �X let (iX1 ; rX1) : : : (iXj ; rXj ) 2 TX be those pairsfor which iXhRiY with 1 � h � j, theni. for each conditional probability of the formP (MrY = �X jrX1 = �X1 : : : rXj = �Xj )as induced by schema M, construct a variableq[MrY = �X jrX1 = �X1 : : : rXj = �Xj ] (10)(denoted q in following steps) in � such thatA.  (q; false) = 0, (q; true) = �log(P (MrY = �X jrX1 = �X1 : : : rXj = �Xj ))B. with the following constraint in I:q � jXh=1T rXh�Xh +MrY�X � j (11)(c) Let �MrY�X be the set of all q constructed in step (1b) for variable MrY�X . For each suchvariable, add the following constraint to I:MrY�X = Xq2�MrY�X q: (12)International Journal of Approximate Reasoning 20, 263-291, 1999. 28



7 CONSTRAINT SATISFACTION
2. For each TA X = (TX ;�X) in R(a) For each (iX ; rX) 2 TX construct variables T rX�X1 : : : T rX�Xn in � where �X1 : : : �Xn are states in�X . Set costs for each variable as (T rX�Xi ; false) =  (T rX�Xi ; true) = 0: (13)where 1 � i � n and add the following constraint to I:nXi=1 T rX�Xi = 1: (14)

(b) For each (iX ; rX) 2 TX and each �X 2 �X letM1 : : :Mj be those random variables inducedby TCRs (Rh;Mh; Yh; Zh) for which 1 � h � j and Zh = X. Theni. for each conditional probability of the formP (rX = �X jM1 = �Y1 : : :Mj = �Yj );construct a variable q[rX = �X jM1 = �Y1 : : :Mj = �Yj ] (15)(denoted q in following steps) in � such thatA.  (q; false) = 0, (q; true) = �log(P (rX = �X jM1 = �Y1 : : :Mj = �Yj ))
International Journal of Approximate Reasoning 20, 263-291, 1999. 29



7 CONSTRAINT SATISFACTIONB. and add the following constraint to I:q � jXh=1MrX�Yh + T rX�X � j (16)(c) Let �T rX�X be the set of all q constructed in step (1b) for variable T rX�X . For each such variable,add the following constraint to I: T rX�X = Xq2�T rX�X q: (17)
In this construction, constraints (9) and (14) ensures that each random variable, either inducedor in a TA, can take on one and only one value. Constraints (11) and (12) guarantee that each ofthe probabilities for TCR induced variables is computed in concordance with the appropriate temporalrelations and schema. Constraints (16) and (17) guarantee that the probability of a temporal assign-ment to a TA is computed with the appropriate set of conditional probabilities. Variables of the formq[rX = �X jM1 = �Y1 : : :Mj = �Yj ] are called conditional variables in that they explicitly representthe dependencies between RVs and are the mechanism for computing the probability of any completeassignment.For example, consider again the simple probabilistic temporal network in Figure 4. Previously wedemonstrated how to calculate the probability of an assignment to this network using the chain rule(see Table 2). Now, if we take the complete assignmentf(LO; f(([0900; 0910]; lo1); true); (([0905; 0915]; lo2); false); (([0910; 0920]; lo3); false)g)g;
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7 CONSTRAINT SATISFACTIONwe expect our variable assignments to beLOlo1true = q[lo1 = truejORlo1 = false]LOlo2false = q[lo2 = falsejORlo2 = true]LOlo3false = q[lo3 = falsejORlo3 = true]ORlo1false = q[ORlo1 = false]ORlo2true = q[ORlo2 = truejlo1 = true]ORlo3true = q[ORlo1 = truejlo1 = true; lo2 = true]
= 1

with all other variables being zero. Since the only variables which incrue costs are the q[: : :] variables, thecost of the assignment is � log(1=3)� log(1)� log(1)� log(1)� log(1)� log(1) = � log(1=3) and thus theprobability of the assignment is 1=3 as expected. As informally demonstrated in this example, the costof a variable assignment is found by summing the product of each variable in � and its correspondingcost in  .De�nition 14. A variable assignment for a constraint system L = (�; I;  ) is a function s from � to<. Furthermore,1. If the range of s is f0; 1g, then s is a 0-1 assignment.2. If s satis�es all of the constraints in I, then s is a solution for L.3. If s is a solution for L and is also a 0-1 assignment, then s is a 0-1 solution for L.De�nition 15. Given a constraint system L = (�; I;  ), we construct a function �L from variableassignments to < as follows:�L(s) =X
2� s(
) (
; true) + (1� s(
)) (
; false) (18)International Journal of Approximate Reasoning 20, 263-291, 1999. 31



8 SUMMARY AND CONCLUSION�L is called the objective function of L.De�nition 16. An optimal 0-1 solution for a constraint system L = (�; I;  ) is a 0-1 solution whichminimizes �L.By �nding an optimal 0-1 solution for a constraint system, we �nd the most probable explanation forthe corresponding PTN. Santos [29] presents a customized algorithm using the cutting plane method [26]for �nding the optimal 0-1 solution. Since any Bayesian network can be represented as a PTN5, weknow that, in general, belief revision over PTNs is NP-hard [8, 27].8 Summary and ConclusionThe probabilistic temporal network can represent very complicated and traditionally di�cult domains.Our research has focused on exploring recurrence and periodicity, temporal spacing between cause ande�ect, and modeling the time-of-reference. These are traditional problems for temporal models. We arecurrently focusing our e�orts on exploring these and other knowledge engineering issues.In this paper, we introduced a constraint satisfaction formulation for performing belief revision.This formulation needs to be extended to perform belief updating (�nding the most likely state of agiven interval-RV pair or temporal aggregate). The constraint set needs to be enhanced to take betteradvantage of the structure imposed by our network structure. Future work will explore the possibilitiesof classes of networks with polynomial run-time behaviours. Other techniques such as path consistencymay also be applicable to PTNs [37].Aliferis and Cooper [1] have also developed a preliminary temporally extended Bayesian network for-mulation termed theModi�able Temporal Bayesian Network-Single Granularity (MTBN-SG). A MTBN-SG is primarily an extended time-sliced Bayesian network de�ned over a range of time points. Each5Treat each RV in the BN as a TA with a single interval-RV pair, using the (f=g;PASSTHROUGH) TCR, and makeall intervals in the TAs equivalent.International Journal of Approximate Reasoning 20, 263-291, 1999. 32



8 SUMMARY AND CONCLUSIONordinary node in a MTBN-SG is indexed over this entire range. Edges between nodes are representedby a mechanism variable which is a Boolean true=false random variable indicating whether the link isactive, i.e. whether a dependency exists between the connected variables. Each such mechanism has anassociated lag random variable de�ned over the range of time points indicating the delay between the\cause" and the \e�ect." Atemporal or abstract random variable nodes are supported which are notinstantiated for each time point. The resultant graph can have cycles to allow expressions of recurrenceand feedback. As long as all cycles in the underlying joint distribution have zero probability, the graphis said to be well-de�ned.Since the edges, both mechanism and lag components, are represented by random variables, theedges can be both dependent on and causal to other random variables in the network. This allowsthe knowledge engineer to express conditions where a relationship exists between variables only undercertain circumstances. The problem with this approach is that joint distributions can be describedwhich are not compatible with the Bayesian model. Maintaining consistency in the local probabilitytables across random variables then becomes a concern.In our work, we allow overlapping intervals so that events happening over intervals can be expressed.For example if a switch could be on from 1000 to 1030 or 1015 to 1045, this could be represented asf([1000; 1030]; S0); ([1015; 1045]; S1)g where S0 and S1 are random variables for the switches position.S1 would be conditioned on S0 to prevent the switch from being on over both intervals. However, it ispossible that the switch could be considered both on and o� in the interval [1015; 1030]. To resolve this,one possibility is to make the interval itself random. For example f([1000; 1030]; S0); ([1015; 1045]; S1)gmight become f(I;On)g where P (I = [1000; 1030]) = P (SOj : : :) and P (I = [1015; 1045]) = P (S1j : : :).This gets us to only one interval.In conclusion, we have presented a new knowledge representation for merging time and uncertainty.The technique, the probabilistic temporal network, draws from the independence semantics of BayesianInternational Journal of Approximate Reasoning 20, 263-291, 1999. 33
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